We examine Killing spinor equations of the general eleven-dimensional pp-wave backgrounds, which contain a scalar H(x m , x − ) in the metric and a three-form ξ(x m , x − ) in the flux. We prove a uniqueness theorem that if the backgrounds admit at least one extra Killing spinor characterized by mutually commuting projection operators in addition to the standard 16 Killing spinors, backgrounds can be reduced to the form with H = A m (x m ) 2 and ξ = constant, modulo coordinate transformations. The super-isometry algebras of the resulting backgrounds are also derived. † ohta@phys.sci.osaka-u.ac.jp ⋆ Makoto.Sakaguchi@kek.jp
Introduction
Supergravity solutions have played a central role in the study of M-theory and superstring theories. Among them, pp-wave backgrounds have attracted great interests recently. In [1] , the Green-Schwarz superstring on the maximally supersymmetric pp-wave background [2] was shown to be exactly solvable in the light-cone gauge, and full string spectrum has been obtained. In [3] , considering the large N limit corresponding to the Penrose limit [4] , AdS/CFT correspondence has been examined beyond the supergravity level, and a matrix theory on the M-theory pp-wave background was proposed.
Eleven-dimensional pp-wave backgrounds [5] 
are solutions of the eleven-dimensional supergravity theory when
where ξ is a three-form on transverse E 9 spanned by x m . These backgrounds admit at least sixteen standard Killing spinors. At a special point in the moduli space, the background turns out to be the Kowalski-Glikman (KG) solution [6] which admits sixteen extra Killing spinors in addition to the sixteen standard Killing spinors, and thus maximal thirty-two supersymmetries [7] . The super-isometry algebra of the KG solution has been obtained in [8] . KG solution was shown to be obtained [9] as a Penrose limit of AdS 4/7 × S 7/4 which is the near-horizon limit of the M2/5-brane background. The super-isometry algebra of KG solution was shown [10] to be an Inönü-Wigner (IW) contraction of the superisometry algebra of AdS 4/7 × S 7/4 . In addition to the cases with sixteen and thirty-two supersymmetries, it has been shown that there exist pp-wave backgrounds with 18, 20, 22, 24, 26 supersymmetries [11, 12, 13, 14, 15] . Apart from special cases [13, 16, 17] their AdS counterparts or brane intersections have not been understood well. For the type-IIB supergravity theory, the maximally supersymmetric pp-wave background and the super-isometry algebra have been obtained in [2] . The super-isometry algebra was shown [18] to be derived from that of AdS 5 × S 5 as an IW contraction. It has been shown that there also exist non-maximally supersymmetric pp-wave backgrounds [11, 13, 19, 20, 21, 22] . For the type-IIA supergravity theory, the maximally supersymmetric pp-wave background does not exist [23] . The non-maximally cases were found in [12, 13, 15, 21, 24] . For the lower dimensions, the maximally supersymmetric pp-wave backgrounds were found in [25] for five-and six-dimensions, and in [26] for four-dimensions. The relation among these lower dimensional backgrounds were discussed in [27] .
In this paper, we examine the M-theory pp-wave background (1.1) in the light of supersymmetries. Supersymmetries are determined by the Killing spinor equation D M ε = 0 of the background. For the maximally supersymmetric case [23] , this condition reduces locally to the vanishing condition of the curvature of the supercovariant connection D M . Because the Killing spinor ε contains trivial entries for the non-maximally case, it is not enough to examine the vanishing curvature condition of the supercovariant connection D M in order to derive Killing spinors and determine how many supersymmetries or Killing spinors are preserved. We show that the M-theory pp-wave background (1.1) is highly restricted if there is at least one extra Killing spinor.
In this paper, we restrict the study to the case that projection operators which characterize extra Killing spinors commute with each other. This paper is organized as follows. In the next section, we prove a uniqueness theorem which states that H(x − , x m ) and ξ(x − , x m ) can be reduced to A m (x m ) 2 with A m being a constant vector and a constant three-form ξ, respectively, modulo coordinate transformations, provided that the background admits at least one extra Killing spinor in addition to the standard sixteen spinors. The super-isometry algebra of the resulting background is given in section 3. The last section is devoted to a summary and discussions.
Uniqueness
The general pp-wave background we consider in this section is
where both the scalar H and three-form ξ on E 9 spanned by x m , are functions of x − and x m . This is a supergravity background when
2)
where △ is the Laplacian on E 9 . The frame one-forms defined by ds 2 = 2e + e − + δ mn e m e n are
and thus the spin connection is given by
Killing spinor equations for general M-theory backgrounds
5)
boil down on this pp-wave background to
where
It is convenient to introduce nine-dimensional gamma-matrices γ m ∈ Spin(9) by
By the light-cone projection operator defined as P ± = 1 2 Γ ± Γ ∓ , Killing spinor ε decomposes into
where ε + is called the standard Killing spinor which exists for general pp-wave backgrounds, while ε − is the extra Killing spinor. In terms of ε ± , Killing spinor equations (2.7) are expressed as
13)
∂ + ε − = 0 (2.14)
where θ = 1 3! ξ lmn γ lmn . In the following, we examine these equations and derive conditions on H and ξ, providing that there exist at least one extra Killing spinor.
For non-maximally supersymmetric pp-wave backgrounds, ε − contains trivial entries. The projection operator P I of ε − into I-th non-trivial entry can be constructed as P I = diag(0, ..., 0, It follows from (2.14) and (2.16) that ε − is independent of x + and x m . This implies that θε − depends only on x − from (2.15) . In other words, θP depends only on x − . From (2.11), we also see that ε + is independent of x + . Acting γ m on (2.13), one finds that γ m ∂ m ε + = 0 (2.19) because γ m (γ m θ + 3θγ m ) = 0 for M-theory pp-wave backgrounds. 1 Further acting γ n ∂ n on this equation, we find that ε + satisfies the Laplace equation
Consequently ε + must be linear in x m at most, up to a harmonic function which is excluded by (2.19) . We can thus write ε + as
where ε 0 and ε m are functions of x − only and (2.13) becomes
Since ε m and θP depend only on x − , so does θγ m P for all m. Because P is made of products of γ m as will be seen in subsections 2.1 and 2.2, γ m P I = P J γ m for generic I = J. If both P I and P J are contained in P, γ m P = Pγ m , whereas γ m P = Pγ m if P I is contained in P but P J is not, where P is the projection operator complementary to P satisfying P + P = I 16 . Thus the term θγ m P is equal either to θPγ m for a certain set of m or to θPγ m for the rest of m. No new condition arises in the former case, whereas in the latter case θP must depend only on x − . As a result, from the fact that both θP and θP depend only on x − , which are derived below (2.18) and above, respectively, we can conclude that θ depends only on x − . From (2.12), ∂ m H must be linear in x m at most, and thus we can
To summarize up to this point, we have shown that M-theory pp-wave backgrounds with extra supersymmetries can be reduced to the form
(2.23)
We now argue that f (x − ) and g m (x − ) can be absorbed by a coordinate redefinition
The line element then becomes
We see that if we choose F, G m and H m such that
the line element reduces to
The transformation (2.24) does not affect F = dx − ∧ ξ. In summary, we have shown that M-theory pp-wave backgrounds which admit extra Killing spinors can be reduced to the form
modulo coordinate transformations. We now show that A mn (x − ) and ξ(x − ) can be restricted to constants by the condition (2.12). On the background (2.28), (2.12) becomes
which, together with (2.22), implies that
For the existence of extra Killing spinors, D (m) must be a linear combination of projection operators. We restrict the study to the case that projection operators commute with each other. 2 These projection operators are composed of a set of mutually commuting matrices, γ [N I ] , as
where γ [N ] is an N-th antisymmetrized product of gamma matrices. It is sufficient to consider the cases N I = 1, 2, 3, 4, because γ [N ] is related to γ [9−N ] using γ 1...9 = I. Noting that for both M and N odd
and for either N or M even
where the appropriate antisymmetrization of the indices is understood on the right hand side, one finds that mutually commuting matrices γ [N ] must share a definite number of indices. We indicate the number of common indices shared among two of matrices below.
We find that there are two sets of mutually commuting fifteen matrices 3 ; one is Now D m is a linear combination of projection operators, and thus must be constructed from these matrices. θ = 1 3! ξ lmn γ lmn turns out to be of the form θ = a 1 γ 129 + a 2 γ 349 + a 3 γ 569 + a 4 γ 789 (2.38) for the former set (2.36), and
for the latter set (2.37). We have specified the form ( 
while that for (2.37) is expressed as
44)
We are now going to examine these two cases in turn.
the case (2.41)
In this case, all the matrices (2.36) can be constructed as products of four matrices, γ 129 , γ 349 , γ 569 and γ 789 . From these matrices, we make four rank-8 projection operators
We rewrite (2.40) in terms of these projection operators. Because
47)
U (m) and V (m) in (2.41) can be written as
Substituting these into (2.40) yields
(2.49) In order to see which Killing spinor survives, it is convenient to introduce rank-1 projection operators of a 16-component spinor onto the I-th component:
(2.50)
The rank-8 projection operators P A can then be expressed in terms of these rank-1 projection operators as 
In order to have an extra Killing spinor P 16 ε − , the coefficient of I must vanish so that
because the first line of the coefficient of I is imaginary while the second line is real, and thus these two parts must vanish separately. 4 The first condition (2.53) leads to
12∂ − (α 9 1 + α 9 2 + α 9 3 + α 9 4 ) = 0, (2.55) from which we find that µ m i = 0. This means A 12 = A 34 = A 56 = A 78 = 0, and
n as recognized from (2.42). Consequently A m must be independent of x − , because the right hand side of (2.54) is independent of x − from eq. (2.56). Noting that α m i is related to a i in (2.42), we find that eq. (2.56) leads to four differential equations for a i :
(2.58)
This means that ξ is independent of x − . The extra Killing spinors are determined as a non-trivial solution of Killing spinors, 16 standard and 2 extra Killing spinors. If, in addition, the coefficient of (P I + P 17−I ) is zero, then P I ε − and P 17−I ε − give another pair of extra Killing spinors. Examining these conditions, one obtains pp-wave backgrounds which admit 18, 20, 22, 24, 32 Killing spinors [14] .
We find from (2.54) and (2.42) that
and from (2.38) that
Thus we see that the supergravity equation of motion is automatically satisfied for ppwave backgrounds with extra supersymmetries.
the case (2.43)
In this case, all the matrices (2.37) can be expressed as products of four matrices, γ 89 , γ 123 , γ 167 and γ 356 . From these matrices, we make four rank-8 projection operators 
(2.70)
The former equation implies that ν m = 0, which means A 89 = 0, and
. We see from eq. (2.71) that A m in (2.70) is independent of x − . With the help of (2.44), eq. (2.71) leads to
which implies that ξ is independent of x − . The extra Killing spinors are determined as non-trivial solutions of Examining these conditions, one finds pp-wave backgrounds which admit 18, 20, 22, 24, 26, 32 Killing spinors [14] [15] . The supergravity equation of motion is automatically satisfied for pp-wave backgrounds with extra supersymmetries, because one sees from (2.70) and (2.44) that
and from (2.39) that
(2.75)
In summary, we have shown in this section that M-theory pp-wave backgrounds which admit extra Killing spinors characterized by mutually commuting projectors can be reduced to the form
modulo coordinate transformations, where A m and ξ are constants. This is our uniqueness theorem; this form is assumed in most of the literature, which gets justification by this theorem.
Super-isometry algebra
In this section, we examine the super-isometry algebra in the background (2.76).
Killing vector fields of the metric are solutions of the Killing vector equations, L ξ g µν = 0. For the metric (2.76), the Killing vector equations are
Solutions for these equations contain several integral constants, which represent individual solutions. Each solution corresponds to components of a Killing vector field. One finds that the Killing vectors are
where ξ Mpq exists only when A p = A q . 5 The isometry algebra is obtained from these expressions as 
(3.
3)
The first line shows the typical structure shared among isometries of pp-wave backgrounds, nine-dimensional Heisenberg algebra generated by e m and e * m with an outer-automorphism e − . The Lorentz algebra is a direct sum of algebras which are generated by individual sets of generators, One finds that the Killing spinor takes the form
First, we examine the commutation relations between two of supercharges. To do this, we calculateε 1 (ψ + , ψ − ) Γμε 2 (ψ ′ + , ψ ′ − )∂μ, whereε = ε T C and the index with a hat represents the curved index. In accordance with (2.9), the even-dimensional charge conjugation matrix C is expressed as C = c ⊗ iσ 2 where c is the nine-dimensional charge conjugation matrix. One finds that the result is rewritten compactly in terms of Killing vectors (3.2):
The QQ anti-commutators can be read off as
cP{γ mn , U (n) }P M mn , (3.7)
The second term in the right hand side of the second equation survives only when P{γ mn , U (n) }P = 0. This enables us to know the actual unbroken Lorentz symmetry in the presence of the flux. Secondly, we examine the commutation relations between bosonic generators and a supercharge. For this purpose, we define the spinorial Lie derivative L ξ [29, 30, 31] along a Killing vector field ξ
where the covariant derivative ∇μ acting on spinors (vectors) contains the spin (Levi-Civita) connection. After some algebra, we find that
The last equation is satisfied only when U (p) = U (q) , which is always satisfied on the 2N-dimensional subspace. The commutation relations can be read off from ( In summary, the super-isometry algebra of (2.76) has been obtained as (3.3), (3.10) and (3.10). The super-isometry algebras have been given in [8] for 32 supersymmetric case and in [15] for 26 supersymmetric case. Our superalgebra covers all supersymmetric cases. Note that the superalgebra obtained above preserves Ω-charge e m e + e − e * m M mn Q + Q − 1 2 0 1 0 1 0 , (3.11) and thus enjoys Ω-grading property which has played a crucial role in the Penrose limit [10] .
Summary and Discussions
We have established a uniqueness theorem which states that any M-theory pp-wave background can be reduced to the form (2.76) modulo coordinate transformations, if there exist at least one extra Killing spinor characterized by mutually commuting projectors. For the resulting pp-wave background (2.76), we have derived the super-isometry algebras which contain 18, 20, 22, 24, 26 and 32 supercharges. It is interesting to examine the similar uniqueness theorem for pp-wave backgrounds in lower dimensions. For type-IIB pp-wave backgrounds with the self-dual five-form RR-field strength, the similar uniqueness theorem can be established [32] . We also expect that the similar uniqueness theorems can be established for pp-wave backgrounds in six-, five-and four-dimensions.
It is known that Killing spinor equations for maximally supersymmetric backgrounds imply the supergravity equations of motion. We have seen that the pp-wave backgrounds which admit at least one extra Killing spinor automatically satisfy the supergravity equation of motion, and thus the Killing spinor equations imply the supergravity equation of motion even for non-maximally supersymmetric cases. This suggests that Killing spinor equations for backgrounds with extra supersymmetries have rich algebraic structures, just as those for maximally supersymmetric backgrounds. In [23] , maximally supersymmetric backgrounds were classified examining the algebraic structures of Killing spinors. 6 It is interesting to classify all non-maximally supersymmetric backgrounds which admit more than 16 supersymmetries.
M-brane actions on the non-maximally supersymmetric pp-wave backgrounds can be constructed using supercurrents on the supergroup manifold corresponding to the superalgebras obtained in section 3. Examining the properties of such models may be useful to gain deeper insights to M-theory and the non-maximally supersymmetric pp-wave backgrounds.
